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Abstract

The goal of this paper is to extend an L-topological group to a complete L-topological group, which necessitates formalizing the
completion of an L-topological group. In so doing, we introduce the notion of the completion of an L-uniform space in the sense of
Giihler, Bayoumi, Kandil and Nouh.
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1. Introduction

In this paper, we give new notions for L-filters in the sense of [13], L-uniform spaces in the sense of [15] and
L-topological groups in the sense of [3], respectively, called U/-Cauchy filter, complete L-uniform space and complete
L-topological group. We define U/-Cauchy filters for L-uniform spaces, characterize complete L-uniform spaces, and
subsequently characterize complete L-topological groups. Completions of L-uniform spaces and L-topological groups
are characterized and studied. Many important theorems of the classical theory of uniform spaces and topological
groups are, respectively, extended to L-uniform spaces and L-topological groups.

In Section 2, we recall some results on L-filters and L-neighborhood filters defined by Géhler in [11,13,14]. We also
define the product of two L-sets and the product of two L-filters.

The notion of U/-Cauchy filter in an L-uniform space (X, I/) is introduced and studied in Section 3. We show that
any convergent L-filter is a /{-Cauchy filter and that the converse holds in complete L-uniform spaces.

Section 4 extends an L-uniform space to a complete L-uniform space. The completion of an L-uniform space is given
as a reduced extension of an L-uniform space with a complete L-uniform structure.

The notion of the completion of an L-topological group is introduced in Section 5. Using the bilateral L-uniform
structure U = U' v U" which is the supremum of the left invariant L-uniform structure /' and the right invariant L-
uniform structure U of an L-topological group (G, 1) as defined in [8], we define the notion of a complete L-topological
group. A complete separated L-topological group (H, ¢) in which (G, 1) is a dense subgroup will be called a completion
of (G, 7).
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There are other filter approaches to uniform space in the fuzzy case. Gutié¢rrez Garcia et al. introduced in [17] a
unification to these approaches using L-filters. In our filter approach to fuzzy uniform spaces we use a notion of L-filter
different from that given in [17] (more precisely, our condition (F1) is different from [17]). So, our approach is not the
same as [17]. A deeper comparison could be done in future work.

2. On L-filters

In this section, we recall and prove some results concerning L-filters needed in the paper. Denote by LX the set of
all L-subsets of a non-empty set X, where L is a complete chain with different least and greatest elements 0 and 1,
respectively [16]. We may note that Lo = L \ {0}. For each L-set 4 € LX, let ' denote the complement of /, defined
by X/ (x) = A(x) forall x € X. Forall x € X and o € L, the L-subset x, of X with value o at x and 0 otherwise is
called an L-it point in X and the L-subset of X with constant value « will be denoted by .

2.1. L-filters

By an L-filter on a non-empty set X we mean [13] a mapping M : LX — L such that M%) <« for all o € L,
M(1) =1, and ML A p) = M) A M(p) forall 2, u € LX. M ia called homogeneous [11] if M (@) = o for all
o € L.If M and NV are L-ilters on X, M is called finer than N, denoted by M <N, provided M (A) >N (/) holds
forall 1 e LX.

Let F; X denote the set of all L-filters on X, f : X — Y a mapping and M, A are L-filters on X, Y, respectively.
Then the image of M and the preimage of N with respect to fare the L-filters Fy f (M) onYand F; f(N) on X defined
by Fr f(M) () = M(uo f)forall u e LY and Fr fN)() = \//mféﬂ N () forall & € L¥, respectively. For each
mapping f : X — Y and each L-filter V" on Y, for which the preimage F, f(N\) exists, we have 7 f (F, f(N)) <N.
Moreover, for each L-filter M on X, the inequality M <F, f(F. f(M)) holds [13].

For each non-empty set A of L-filters on X, the supremum \/ ., M with respect to the finer relation of L-filters
exists and we have

<\/ M) H=/\ MU

MeA MeA

forall f € LX. The infimum /\ Mea M of A exists if and only if for each non-empty finite subset {M, ..., M,} of
Awehave M{(A) A AMu(Jp) < sup(Zg A---Ady) forall Ap, ..., A, € LX [11].If the infimum of A exists, then
for each 4 € LX and n a positive integer we have

(/\ M)(/l)= VMG A A M),
MeA

A A Nop <4,
My, Mp€eA

By a filter on X we mean a non-empty subset F of LX which does not contain 0 and closed under finite infima and
super sets [18]. For each L-filter M on X, the subset a-pr M of LX defined by: a-pr M = {1 € LX|M(1)>ua}isa
filter on X.

A family (By)yer, of non-empty subsets of LX is called a valued L-filter base on X [13] if the following conditions
are fulfilled:

(V1) 4 € By implies o< sup 4.
(V2) Forall o, f € Lo and all L-sets 4 € By and u € Bg, if « A f > 0 holds, then there are a y>o A ff and an L-set
V<A A psuch thatv € B,.

Each valued L-filter base (By)qcr, on a set X defines an L-filter M on X by M (1) = \/#EBQ’ u<i forall . € LX.On
the other hand, each L-filter M can be generated by many valued L-filter bases, and among them the greatest one is
(o-pr M)ger,- We may note that L-filters are called fuzzy filters in [13—15] and also filters are called prefilters in [16].
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Proposition 2.1 (Gdhler [13]). There is a one-to-one correspondence between the L- filters M on X and the families
(Mo)acr, of filters on X which fulfill the following conditions:

(1) f e M, implies o< sup f.
(2) 0 < a< pimplies My 2 /\/l/;.
(3) Foreach o € Lo with \/(_p_, B = oo we have (Yo_p_y Mp = M.

This correspondence is given by M, = a-pr M for all o € Lo and M(f) = \/geM% e<poforal f e LX.
2.2. L-neighborhood filters

In the following, the topology in sense of [10,16] will be used which will be called L-topology. int; and cl; denote
the interior and the closure operators with respect to the L-topology 7, respectively. For each L-topological space (X, 1)
and each x € X the mapping A'(x) : LX — L defined by N'(x)(/) = int; A(x) forall 1 € LX is an L-filter on X, called
the L-neighborhood filter of the space (X, 7) at x, and for short is called a t-neighborhood filter at x. The mapping
% : LY — L defined by %(1) = A(x) for all A € L¥ is a homogeneous L-filter on X. Let (X, 7) and (Y, 6) be two
L-topological spaces. Then the mapping f : (X, 1) — (Y, o) is called L-continuous (or (t, ¢)-continuous) provided
inty u o f <int; (uo f)forall u € LY. An L-filter M is said to converge to x € X, denoted by M - if M<N (x)

[14]. The L-neighborhood filter A/(F) at an ordinary subset F of X is the L-filter on X defined by the authors in [5], by
means of N'(x), x € F as

NF) =\ N).

xeF

The L-filter F is defined by F = \/, .y £. F <N(F) holds forall F C X.

Lemma 2.1 (Gdihler [14]). Let (X, 7) and (Y, 6) be two L-topological spaces and M an L-filteron X. If f : X — Y
is a (t, o)-continuous mapping, then M e implies that Fr, f (M) - f(x) holds.

To define the product of two L-filters, first we need to define the product of two L-sets.
Forany A, € LX,let A x u: X x X — L be the L-set defined as follows:
(Ax Wx,y) = Ax) A u(y) 2.1
forall x,y € X.
Remark 2.1. Forall A, u, &, n € LX, we have
AW xXEAN=UxOA@x=UxnAWxJ).
The following proposition introduces the product of two L-filters.
Proposition 2.2. For any two L-filters L, M on X, the mapping L x M : LX*X — L defined by

Lx My = \/ (LG A M) 2.2

Axu<u

forallu € LX*X is an L-filter on X x X, called the product L-filter of £ and M.

Proof. From (2.1) and that £, M are L-filters, we get

Lx MG = \/ LD AM@) <o

Ixu<a

Moreover, (£ x M)(T) = 1.
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From Remark 2.1 and for all u, v € LX*X we get

(Lx M) AL M) = \/ LDOAM@)A \] (LE M)
Axp<u Exn<u
=V  «erdAMunn)
Axu<u, Exn<o
< Vo COADAMpA)

(AN X (UA) SuAv

= (L x M) A v).
Also,

LxM@rvy =\ (£LHDAMw
Axpu<Lunv
< V€L AM@)
Axpu<u, Axpu<v
=V €@OrMuya \ L@ AMw)

Axu<u Axu<v

= (L x M)(u) A (L x M)(v).
Hence, (£ x M) is an L-filteron X x X. [
The product of two L-filters provides the following result.

Lemma 2.2. Let L and M be L-filters on X, and let (Ly)qer, and (My)ger, be the families of filters on X correspond,
according to Proposition 2.1, to L and M, respectively. Then the family (Ky)yer, of subsets Ky of LX*X, where

Ko ={Axulde Ly, p€ My} (2.3)
is a family of filters on X x X which corresponds to the product L-filter L x M.

Proof. Since £, and M, are non-empty subsets of LX for all o € Lo, then also K, = {4 x p|i € Ly, u € My} is
non-empty for any o € L. Also, 0 does not exist in £, or M, implies that 0 ¢ K, for all o € Lo. From Remark 2.1
and from the fact that £, and M, are filters, forallu, v € Ky and w>vwe getu Av € Ky and w € Ky forall « € Lo.
That is, KCy, for all « € Ly, is a filter on X x X.

Letu € ICy. Then u = A x u, where /. € Ly and u € M,. From condition (1) for £, and M,, we get o <sup 4 and
o<sup u and then o << sup (4 x w) = sup u. Hence, KCy, provides condition (1) of Proposition 2.1.

LetO <a<fandu € Kg. Thenu = A x pufor 2 € Ly and u € Mpg. Since L, 2 L and My 2 Mg, then 4 € L,
and y € M, and hence u € ICy. That is, ICy, fulfills the requirements of condition (2) of Proposition 2.1.

Since ﬂ0<ﬁ<a Lg = Ly and ﬂ0<ﬁ<“ Mg = M, we get that

() Kp= [ UixulieLlp e Mg

0<f<a 0<f<a
=1l x ulie ﬂ Ly, pe ﬂ Mg
O<fi<a 0<fi<o
={Ax uld € Ly, u€ My}
ZIC(X.

This means that condition (3) of Proposition 2.1 also holds for /C,.
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Hence, according to Proposition 2.1, we get a one-to-one correspondence between the family (KCy)yer,, of the filters
on X x X defined by (2.3) and the product L-filter £ x M on X x X defined by (2.2). Therefore,

(Lx M)(w) = \/ o and o-pr(L x M) =K,

vely,v<u

forallu € LX*X and forallx € Ly. O

3. U-Cauchy filters
This section is devoted to study a notion of Cauchy filter on L-uniform spaces as defined in [15].
3.1. L-uniform spaces

An L-filter i/ on X x X is called an L-uniform structure on X [15] if the following conditions are fulfilled:

(U1) (x,x) <U forall x € X;
U2) U=U""
(U3) UoULU.

Where (x,x) () = u(x,x), U (u) = Uw™") and U o U)(W) = /o<, U A w) for all u € L¥*X and
u(x, y) =u(y,x)and (vow)(x,y) = vzex(w(x, z) Av(z,y)) forall x, y € X.

A set X equipped with an L-uniform structure I/ is called an L-uniform space.

To each L-uniform structure ¢/ on X is associated a stratified L-topology t;4 whose interior operator is given by

(intzy ) (x) = U[X](A)

forall x € X and all 2 € LX, where U[X](}) = \/u[#]g/l U) A pu(x)) and ufu](x) = \/yeX (n(y) A u(y, x)). For
all x € X we have

U] = N (x),

where AV (x) is the L-neighborhood filter of the space (X, 17¢) at x. That is, an L-filter M on an L-uniform space (X, U)
is said to converge to x € X if M <U[x].

Let U be an L-uniform structure on a set X. Then u €
o€ Lopandu = u~' [8].

Given a surrounding u in (X, i), a subset A C X is called small of order u if u(x,y)>o for all x, y € A and for
some o € L.

LX*X is called a surrounding provided U (u) > o for some

Definition 3.1. In an L-uniform space (X, i), an L-filter M on X is said to be a U-Cauchy filter provided that for any
surrounding u, there exists a set B € X such that M < B and B is small of order u.

Now, we prove the following expected result for the convergent L-filters.
Proposition 3.1. Every convergent L-filter on an L-uniform space (X, U) is a U-Cauchy filter.

Proof. Let. M be an L-filter on X which converges to x € X, that is, M <U[x]. Then we can choose a set B C X such
that M < B = U[x] which means

M@z \/ U@ Ape)) =\ 2 =B

ulpl <2 yeB

for all 1 € LX. Since (x, x)' <U for.all x € X, then u(x, x) >U(u) > o for any surrounding u and for some o0 € L.
Now, x € B implies that x <U[x] = B holds. Also, forany y € B we get \/u[ﬂ] < (@A u(x)) <A(y), and consequently
\/z (u(z, y) A u(z)) <A(y), and so a A p(x) <u(x, y) A u(x) <A(y). Thus, for all x, y € B, we have u(x, y) >a for
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some o € Lo and M < B. Hence, there is a set B C X which is small of order any surrounding u in (X, i) and M < B,
and therefore M is a U/-Cauchy filter on X. [

Let A be a subset of a set X, / an L-uniform structure on X and i : A < X the inclusion mapping of A into X. Then
the initial L-uniform structure 7, (i x i)(U) of U with respect to i, denoted by U/, is called an L-uniform substructure
of U and (A, U4) an L-uniform subspace of (X, U) [2].

We have the following result.

Lemma 3.1. Let (X, U) be an L-uniform space and A a non-empty subset of X. Then an L-filter on A is a Us-Cauchy
filter if and only if it is a U-Cauchy filter.

Proof. Let M be al{s-Cauchy filter on A. Then there exists B € A with M < B and B small of order any surrounding
ug in (A, Uy). This means that there is B € A C X such that M < B and u4(x, y) >o for all x, y € B and for some
o € Lo. That is, for any surrounding u in (X, U),

ux,y) = (o (i xi)(x,y) =ualx,y)=o

for all x, y € B and for some o € Lo, and then M < B and B C X is small of order any surrounding u in (X, ).
Hence, M is a U/-Cauchy filter.

Conversely, if M is a U/-Cauchy filter on X, then there exists B € A C X with M < B and B is small of order
any surrounding u in (X, U). Hence, u(x, y) >« for all x, y € B and for some o € Lo, which means that, for every
surrounding u 4 in (A, Uy),

ua(x,y) = o (i xi))(x,y) =ulx,y)=>o

for all x, y € B and for some o € Lg. Therefore, M < B and B C A is small of order any surrounding u 4 in (A, Uy),
that is, M is a U4-Cauchy filter. O

A mapping f : (X,U) — (Y, V) between L-uniform spaces (X, ) and (Y, V) is said to be L-uniformly continuous
(or (U, V)-continuous) provided that

FL(f x Hth <V

holds.
In the next sections we shall use the following result.

Lemma 3.2. Let (X,U) and (Y, V) be L-uniform spaces and f : X — Y a (U, V)-continuous mapping. If M is a
U-Cauchy filter, then Fp, f (M) is a V-Cauchy filter.

Proof. M is a U-Cauchy filter on X means that there exists B © X such that M < B and B is small of order any
surrounding u in (X, U). This means that M < B and u(x, y) > o for all x, y € B and for some o € Ly which implies
that

Frf(M)SFLf(B) = (f(B))
holds for the set f(B) C Y. Let v be a surrounding in (Y, V). Since fis (4, V)-continuous, we have
aSV@)SU@o (f x [)) =Fr(f x fHU)(v)

for some o € L. Since v = v™!, then (vo (f x f)) ' =v ™ o (f x f)=vo(f x f). Thatis,u =vo (f x f)isa
surrounding in (X, i) which means that

asulx,y) =@o (f x fNx,y)=v(f(x), f(¥)

for all f(x), f(y) € f(B) and for some o € Lo. Hence, Fr f (M) < (f('B)) for the set f(B) € Y and f(B) is small
of order every surrounding in (Y, V). Therefore, | f (M) is a V-Cauchy filteron Y. [
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4. Completion of L-uniform spaces

Here, we introduce a notion of the completion of an L-uniform space.

Firstly, some general results.

If (Y, o) is an L-topological space and X is a non-empty subset of Y, then the initial L-topology of ¢, with respect to
the inclusion mapping i : X < Y, is the L-topology i ~'(¢) = {i ~!(/)|4 € ¢} on X and is denoted by .

An L-topological space (Y, o) is called an extension of the L-topological space (X, 1) if X C Y, 1 = gx and X is
o-dense in Y, thatis, cl, X =Y.

The extension (Y, o) of (X, 1) is called reduced if for any x # yinY and x € Y\ X, we have N;(x) # N5(y), where
N5 (x) denotes the L-neighborhood filter of (Y, o) at a point x € Y.

4.1. GT;-spaces

In [4,5,7], we have introduced and studied the notion of G T;-spaces foralli =0, 1,2,3,3 l, 4 as follows.
An L-topological space (X, ) is called [4,5,7]:

(1) GTyifforall x, y € X with x # y we have <N (y) or yLN (x).

(2) GTyifforall x, y € X with x # y we have x¢N (y) and yLN (x).

(3) GT»ifforall x, y € X with x # y, we have M£N (x) or MLN (y) for all L-filters M on X.

(4) Regularifforall x ¢ F and F = cl; F, N'(x) A N'(F) does not exist.

(5) GT;ifitis GT; and regular.

(6) Completely regular if for all x ¢ F € 7/, there exists an L- continuous mapping f : (X, t) — (Ir, ) such that
f(x)=T1and f(y) =0forall y € F.

(7) GTy 1 (or L-Tychonoff) if it is GT1 and completely regular.

In the following G T;-space means an L-topological space whichis GT;,i =0, 1,2,3,3 %

Proposition 4.1 (Bayoumi and Ibedou [4,5,7]). Every GT;-space is a GT;_1-space for eachi = 1,2,3, and every
GT3 1-space is a GT3-space.

Now, we have the following results.
Lemma 4.1. [fthe extension (Y, o) of (X, 1) is a GTy-space, then (Y, o) is a reduced extension of (X, 7).
Proof. Straightforward. [J
Lemma 4.2. Any reduced extension (Y, o) of a GTy-space (X, ) is a GTy-space.

Proof. Forall x # yin Y\ X, we have N;(x) # Ny (y). Also for all x # y in X, we have N;(x) # N;(y). Hence, for
all x # y inY we get that N (x) # N5(y), and thus (Y, o) is a GTp-space. [

Since for all f, g € L, int, f(y) = f(x) for some x € X implies that ints f(y) A Nsex &)< f(x) holds for
some x € X and also inty f(y) A A\ ex g(x) < g(x) holds for all x € X, then ints f(y) A Nyex 8x) <sup(f A g)
forall f, g € LX. That is, the infimum N5(y) A X exists. This provides the following.

Remark 4.1. Let (X, t) be an L-topological space and X C Y. If we succeed in defining an L-topology ¢ on Y such
that (Y, o) is an extension of (}_( , T), then X o-dense in Y implies that every o-neighborhood of each y € Y intersects X,
that is, the infimum N;(y) A X exists.

Definition 4.1. Let (X, 7) a_nd (Y, o) be two L-topological spaces. If (Y, 0) is an extension of (X, 7), then, for any
x €Y, an L-filter N;(x) A X is said to be a trace filter at x.

The filter Ny (x) A X is denoted by M . Obviously, M, = N;(x) whenever x € X. It is clear that M, X
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Definition 4.2. Let (X, 7) and (Y, o) be two L-topological spaces, (X', *) an extension of (X, t) andlet f : X — Y
be a (1, o)-continuous mapping. Then the restriction mapping g|x on X of the (t*, ¢)-continuous mapping g : X' — Y,
which coincides with f, is called a continuous extension of finto X'.

Remark 4.2. Let (X, r_) and (Y, o) be two L-topological spaces, (X', t*) an extension of (X, 1), f : X — Y amapping
and M, = N+ (x) A X a trace filter on X at x € X’. For the existence of a continuous extension g : X’ — Y, itis
necessary that fbe (t, o)-continuous and Fy, f (M) P for a trace filter M, at x € X'. If (Y, o) is a regular space,

then these conditions also are sufficient. It is clear that M, — x.
ag

Lemma 4.3. With the notations in Remark 4.2, let g : X' — Y and g» : X' — Y be (t*, )-continuous. If (Y, 6) is a
GT,-space and g1|x = g2lx = f,then g1 = g2.

Proof. Let x € X’ be arbitrary and M, X From Lemma 2.1, we get Frg1(My) - g1(x) and Frgo(My)

- g2(x) holds. Also we have Fr g1 (My) = Frgo(My) = Fr f(My). Since (Y, 0) is a GT»-space, then g (x) =
g2(x). Thus gy = g». O

Lemma 4.4. An extension (Y, o) of (X, 1) is reduced if and only if M, # M, forall x #yinY and x € Y\X.

Proof. The proof follows from the fact that
My =N AX AN AX =M,
if and only if Ny (x) # Ny(y). O

Definition 4.3. An L-uniform space (Y, U{*) is called an extension of the L-uniform space (X, U) it X C Y, U = U}
and X is a tz4+-dense in Y.

Definition 4.4. An L-uniform space (Y, U*) is called a reduced extension of an L-uniform space (X, U) if (Y, 174+) is
a reduced extension of (X, t74).

An L-uniform structure { on a set X is called separated [6] if for all x, y € X with x # y there is u € LX*X such
that 4 (u) = 1 and u(x, y) = 0. The space (X, U) is called a separated L-uniform space.

Proposition 4.2 (Bayoumi and Ibedou [6]). Let X be a set, U an L-uniform structure on X and ty4 the L-topology
associated with U. Then (X, U) is separated if and only if (X, 1y4) is GTy-space.

Lemma 4.5. If (X, U) is a separated L-uniform space and (Y,U™*) is a reduced extension of (X,U), then (Y,U™) is
separated as well.

Proof. From Proposition 4.2, we get (X, 174) is a G Tp-space. Since (Y, 774+) is a reduced extension of (X, 17), then
by Lemma 4.2 we have (Y, 174+) is a GTp-space. Again by Proposition 4.2, we get that (Y, /*) is separated. [

Now, we introduce the notion of the complete L-uniform space and its completion which is defined similarly as in
the classical case by using the Cauchy and convergent filters on uniform spaces but in the setting of fuzzy spaces.

Definition 4.5. An L-uniform space (X, Uf) is called complete if every U-Cauchy filter M on X is convergent.

Definition 4.6. An L-uniform space (Y, U*) is called a completion of an L-uniform space (X, i) if it is a reduced
extension of (X, U) and U* is complete.

Lemma 4.6. The completion of a separated L-uniform space is separated as well.
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Proof. The result follows from Lemma 4.5. [
5. Completion of L-topological groups

In this section, we introduce main notion of this paper, that completion of L-topological groups.
5.1. L-topological groups

Let G be a multiplicative group. We denote, as usual, the identity element of G by e and the inverse of an element a
of Gbya™!.

Definition 5.1 (Ahsanullah [1] and Bayoumi [3]). Let G be a group and t an L-topology on G. Then (G, 7) will be
called an L-topological group if the mappings

n:(G x G,71x1)— (G,7) defined by n(a,b) =ab foralla,be G
and
i:(G,7) = (G,7) definedbyi(a) = a~! foralla e G

are L-continuous. 7 and i are the binary operation and the unary operation of the inverse on G, respectively.

Forall 2 € LY, denote by Al the L-set Zoi in G, thatis, A’ (x) = A(x~!) forall x € G. We also denote Fy (L x M)
by £LM and Fri(M) by M’, which means that LM (1) = £ x M(Jon) and M (2) = M) for all L-filters £, M
on G and all L-sets 1 € LC.

A surrounding u € LX*X is called left (right) invariant provided

u(ax,ay) =u(x,y), (u(xa,ya)=u(x,y)) foralla,x,ye X.

U is called a left (right) invariant L-uniform structure if {/ has a valued L-filter base consists of left (right) invariant
surroundings [8].

The following proposition introduces the left (right) invariant L-uniform spaces compatible with an L-topological
group.

Proposition 5.1 (Bayoumi and Ibedou [8]). Let (G, t) be an L-topological group. Then there exist on G a unique left
invariant L-uniform structure U' and a unique right invariant L-uniform structure U* compatible with t, constructed
using the family (a-pr ./\/'(e))aeLo of all filters oa-pr N (e), where N (e) is the L-neighborhood filter at the identity element
e of (G, 1), as follows:

Uw= \/ o ad U= \/ « .1
vl v<u velds, v<u

where

U = o-pritd  and UL = a-prift (5.2)
are defined by

U; ={u e LClux,y) = GAH&1y) for some ) € a-pr N (e)} (5.3)
and

UL = {u e LECu(x, y) = U A M) (xy™") for some ) € a-pr N'(e)) (5.4)

We should notice that we shall fix the notations ', 4", Z/lol{ and U, along the paper to be these defined above.
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Definition 5.2. 1/° = ' v U" is called the bilateral L-uniform structure of the L-topological group (G, 7).
Remark 5.1. M is a UP-Cauchy filter if it is a {'-Cauchy filter and a {"-Cauchy filter simultaneously.

Remark 5.2 (¢f: Bayoumi and Ibedou [8]). For the L-topological group (G, 1), the elements of Z/{alt (U;,) are left (right)
invariant surroundings. Moreover, (Z/[;C)mE Lo (U aer,) is a valued L-filter base for the left (right) invariant L-uniform
structure U! (U") defined by (5.1)—(5.4), respectively.

An L-filter M on a set X is called countable if the sets oa-pr.M are countable for all o € Lo [9].

Now, suppose that (G, t) has a countable L-neighborhood filter A/ (e) at the identity e. By Proposition 5.1, every
L-topological groups is uniformizable, so that the left and the right invariant L-uniform structures /' and 2" has, from
Remark 5.2, a countable valued L-filter base (Ui /n)n <N and (Z/If /n)n N> respectively.

We may recall that if (G, 1) is an L-topological group and A is a subgroup of G, then the L-topological subspace
(A, 4) is called an L-topological subgroup [3].

Proposition 5.2. Let (A, t4) be an L-topological subgroup of an L-topological group (G, 1), U a complete L-uniform
structure on G compatible with t, and let Uy be the L-uniform structure on A compatible with t4. Then, we get the
following results.

(A1) If £ and M are Ua-Cauchy filters, so is LM.
(d2) If M is aUp-Cauchy filter, so is M".

Proof. By Lemma 3.1, £ and M also are ¢/-Cauchy filters. & complete implies that £ X and M - hold for
some x, y € G, that is, £ <N (x) and M <N (y). Now, for each ¢ € LY we have

LM(E) = Fra(L x M)(©)
=L x M(om)
=\ LOAMw
Axu< o
> \/ NODANGW

Ixp<Eon

= \/ int; A(x) A intg p(y)
Axp< om

> int; E(xy)
= N(xy)(©).

That is, LM Xy and hence, LM is a U-Cauchy filter and hence, from Proposition 3.1 and Lemma 3.1,

a Uy-Cauchy filter. '
Similarly, each U/ 4-Cauchy filter M is a U/-Cauchy filter and then M - X By Lemma 2.1, M'(1) = Fri(M)

e i(x) = x~!. This means that M’ is a &/-Cauchy filter and also a U/4-Cauchy filter. [

Definition 5.3. An L-uniform structure I/ of an L-topological group (G, 1) is said to be admissible if 177y = t and the
conditions (d1) and (d2) in Proposition 5.2 are fulfilled.

Definition 5.4. An L-topological group (G, 1) is called complete if its bilateral L-uniform structure ° is complete.
(G, 1) is called left complete (right complete) if it is complete and its left (right) L-uniform structure 24 (") is admissible.

Lemma 5.1. The inverse mapping i : (G, 1) — (G, 1), i(x) = x~Yon any L-topological group (G, ) is U, Ur-
continuous and U*, U")-continuous. Moreover, U* = Fr.(i x i)UY), U = Fr.(i x i)UY).
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Proof. Foru e L{; and for some / € o - pr N'(e), we have

woGxiNx,y=ux"y™H=0AN)y™) =wk,y)

for some w € UL. Since Fp(i x i)U) () = Ul o (i x i) forall u € LX*X then Fp (i x i)(U")(u) = U (u) for
all u € LX*X and hence i is a (U, U")-continuous. Similarly, we get that Fy (i x i)(U") = U' and i is a U, U")-
continuous. [

Proposition 5.3. M is a U'-Cauchy filter in an L-topological group (G, ) if, and only if, M* is a U*-Cauchy filter.

Proof. Since, from Lemma 5.1, the mapping i : (G, U") — (G,Ur) is (U, U")-continuous, then M is a U'-
Cauchy filter which implies, from Lemma 3.2, that F7 (i)(M) = M" is a U"-Cauchy filter. Similarly, the converse
follows. O

Proposition 5.4 (Gdhler et al. [15]). Let (X,U) and (Y, V) be two L-uniform spaces. A mapping f : (X, ty) —
(Y, ty) is L-continuous if, and only if, fis (U, V)-continuous.

We also have this result.

Lemma 5.2. If U and V are two L-uniform structures on an L-topological group (G, 1) and both L and M are
U-(V-) Cauchy filters on G, then L x M is ald x U-(V x V-) Cauchy filter on G x G.

Proof. From Proposition 2.2, £ x M is an L-filter on G x G. Let £ and M be U-Cauchy filters on G. Then there exist
A, B C G such that LL A and M < B and A, B are small of order every surrounding u in (G, /). Now,

(Lx Myw) = \/ (LG A M)

Axpu<Lu

> \/ (A0 A Bw)

Axu<u

=V AN @Ay

Axu<u x€A,yeB

— VA Axay)

Ixu<u x€A,yeB
=u(A, B)
= (A x B)()

forall u € LE*G . That is, there exists A x B € G x G such that £ x M <(A x B).

Lety : (G x G) x (G x G) — L be a mapping and u a surrounding in (G, U). Then from Proposition 5.4, 7 is
(U x U, U)-continuous, and thus

oUW SFr(nx i)y U xU)w) =U x U o (m x 1)) =U x UW).
Also, u = u~" implies that

lp‘l = (o (mxm)! =u*10(nxn)=uo(nxn)=x//,
that is, ¥ is a surrounding in (G x G, U x U), and for any surrounding ¥ in (G x G, U x U), there exists a surrounding
uin (G, U) such that y = u o (1 x 7).

Now, a<u(x, y)forallx,y € Aand f<u(r, s) forallr,s € B and forsomea, f € Lgimply thaty((x, r), (v, s)) =
(uo(mxmn)((x,r), (y,s)) = u(xr, ys). Choosing (x, y) = (e, e) or (r, 5) = (e, e), we get that u(xr, ys) >y for some
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y € Lg. That is, for all (x, r), (y,s) € A x B, we have y/((x, r), (y, s)) >y for some y € Lg. This means that A x B
is small of order every surrounding in (G x G, U x U). Therefore, L x M is ald x U-Cauchy filter. [J

Proposition 5.5. IfU' and U" are the left and the right L-uniform structures of an L-topological group (G, t) and both
of L and M are U'-(U"-) Cauchy filters, then LM has the same property.

Proof. From Lemmas 5.2 and 3.2, we have LM = F;n(L x M) is al'-U"-) Cauchy filter. [

Accordingly, for /' and " the property of being admissible depends on the fact whether condition (d2) of Proposition
5.2 is fulfilled.
The left and the right L-uniform structures /' and U" of an L-topological group enjoy the following properties.

Proposition 5.6. The following statements are equivalent in any L-topological group (G, 1).
(1) If M is alUd'-Cauchy filter, so is M';

(2) If M is a U*-Cauchy filter, so is M,

(3) Every U'-Cauchy filter is a U"-Cauchy filter;

(4) Every U™-Cauchy filter is a U'-Cauchy filter;

(5) U" is admissible;

(6) U" is admissible.

Proof. (1) < (5) and (2) <= (6) come from Proposition 5.5.

(1) <= (2) follows from Proposition 5.3 and that (M’)! = M.

From (1) if M is a Z/ll-Cauchy filter, then M’ is a Ul—Cauchy filter, and thus M, from Proposition 5.3, is a U"-
Cauchy filter. Hence, (1) = (3); On the other hand, if (3) is fulfilled, then M is a Ul-Cauchy filter implies that it is a
U"-Cauchy filter and thus M’ is a L{I-Cauchy filter. That is, (1) <= (3).

(2) < (4) is obtained similarly. O

Proposition 5.7. If the left L-uniform structure U" or the right L-uniform structure U* of an L-topological group (G, 7)
is complete, then the other one is complete as well and both are admissible.

Proof. If U' is complete and M is a U -Cauchy filter, then from Proposition 5.3, M’ is a U'-Cauchy filter, thus
M P in G and then M g x~!. Hence, U" is complete, and the completeness of ¢! follows by the same way

from the completeness of U". )
At last, M is a Z/{l-Cauphy filter implies that M converges to x € G, that is, M <U'[#], and then M <U[x—1].
From Proposition 3.1, M is a {'-Cauchy filter. Proposition 5.6 implies that both /' and /" are admissible. [

Lemma 5.3. IfUY is the bilateral L-uniform structure of an L-topological group (G, t), then i is (U°, U®)-continuous.
Proof. From that /' <U® and U™ <UP, we get F7 (i x i)U' <UP and Fy (i x i) U <UP hold, and thus
Frli x U° = Fr(i x U v Fri x iU <U.
Hence, i is (Z/lb, Ub)-continuous. O
5.2. L-metric spaces

L-topological groups fulfill good results related to notions of L-pseudometric and L-metric spaces. We use here the
notion of L-metric space defined by means of the notion of L-real numbers as defined in [12]. By an L-real number it
is understood [12] a convex, normal, compactly supported and upper semi-continuous L-subset of the set of all real
numbers R. The set of all L-real numbers is denoted by R . R is canonically embedded into Ry, identifying each real
number a with the crisp L-number a™ defined by a™ (&) = 1 if ¢ = a and 0 otherwise. The set of all positive L-real
numbers is defined and denoted by: R¥ = {x € Ry | x(0) = 1 and 0~ <x} [12].
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A mapping ¢ : X x X — R7j is called an L-metric [12] on X if the following conditions are fulfilled:

(1) o(x,y) =07 if and only if x = y;
(2) o(x,y) =0y, x);
(3) o(x, y)<o(x,2) + o(z, y).

If 0 : X x X — R] satisfied the conditions (2) and (3) and the following condition:
1) o(x,y)=0"ifx =y

then it is called an L-pseudometric on X.

A set X equipped with an L-pseudometric (L-metric) ¢ on X is called an L-pseudometric (L-metric) space.

To each L-pseudometric (L-metric) ¢ on a set X is generated canonically a stratified L-topology 1, on X which has
{eog.le € £, x € X} as abase, where ¢, : X — R is the mapping defined by ¢, (y) = ¢(x, y) and

(5 . ‘ =
E={aAR |RL|5>O, ave L}U{alae L},

where & has R} as domain.

An L-topological space (X, 7) is called pseudometrizable (metrizable) if there is an L-pseudometric (L-metric) ¢ on
X inducing 7, that is, T = T,.

An L-pseudometric g is called left (right) invariant if

o(x,y) = ¢o(ax,ay), (o(x,y)=o(xa,ya)) forala,x,yeX.

An L-topological group (G, 1) is called separated if for the identity element e, we have A\ ;. 2-prN (o) Ale) >a, and

/\Aea-pr/\f(e) Ax) < aforall x € G with x # e and for all o € L [8].
Now, we have the following result.

Proposition 5.8 (Bayoumi and Ibedou [9]). Let (G, 1) be a (separated) L-topological group. Then the following state-
ments are equivalent.

(1) tis pseudometrizable (metrizable);

(2) e has a countable L-neighborhood filter N (e);

(3) 7t can be induced by a left invariant L-pseudometric (L-metric);
(4) t can be induced by a right invariant L-pseudometric (L-metric).

Definition 5.5. An L-uniform structure I/ on a set X is called pseudometrizable (metrizable) if there exists a countable
L-uniform base for ¢/ (and U is separated).

Proposition 5.9. For any (separated) L-topological group (G, 1), the L-uniform structures U', U and U® constructed
in (5.1)-(5.4) are pseudometrizable (metrizable).

Proof. From Proposition 5.8, we have © = 1, = 1y, where ¢; and g, are a left invariant L-pseudometric (L-metric)
and a right invariant L-pseudometric (L-metric) on G, respectively. Hence, U, is left invariant and U, is right invariant.
From Proposition 5.1, U and " are unique, that is, UQI =U", UQZ =U" andU', U" are pseudometrizable (metrizable).
Moreover, Tp = Ty = Tp V Tyr = 1. Hence, UP is pseudometrizable (metrizable) as well. [

Proposition 5.10 (Bayoumi [2]). Let (X,U) be an L-uniform space, (A,U4) an L-uniform subspace of (X,U) and
(t4) A the L-subtopology of the L-topology 114 associated with U. Then the L-topology associated to Ux coincides with
(t20) a» that is, Tqq,) = (t10) A-

Lemma 5.4. Let (A, 14) be an L-topological subgroup of an L-topological subgroup (G, 7). IfU', U™ and U® are the
left, the right and the bilateral L-uniform structures of (G, 1), then the corresponding L-uniform structures of (A, T4)
are UY 4, U 4 and UP) 4, respectively.
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Proof. From Proposition 5.10, we have Tuhy, = (typ)a = 74 and U" and then (L[l) A 1s left invariant as well. Hence,

(U" 4 is the left invariant L-uniform structure of (A, 7). By the same (U") 4 is the right invariant L-uniform structure
of (A, 14) as well. Moreover,

T = Tl v = Vo = ()a vV (tur)a = (yp)a = 4. 0

Definition 5.6. A complete separated L-topological (H, o) is said to be a completion of a separated L-topological
group (G, 1) if (G, 1) is a g-dense subgroup of (H, o).

To give the essential result in this section, that characterization of the completion of an L-topological group, we need
the following results.

Proposition 5.11 (Bayoumi and Ibedou [8]). Let (G, 1) be an L-topological group. Then the following statements are
equivalent.

(1) The L-topology t is GTy.

(2) The L-topology t is GT».
(3) The L-topological group (G, 7) is separated.

Proposition 5.12. Let (G, t) be a separated L-topological group, U an admissible L-uniform structure on G, and
(H, V) the completion of (G,U). Then an operation #’ : H x H — H can be defined on H in a unique way so that H
equipped with ' is a group, and (H, ty) is an L-topological group of which (G, t) is a subgroup.

Proof. Leto = tp. If n' : Hx H — H isdefined by n'(y, z) = yzforall y, z € H, then 7'|gxc = =. Now, let £, and
M, be two trace filters on H at x and y into H, respectively. Since L, X and M, - that is, £, (1) >intgs A(x)

and M, (1) > ints p(y), then
‘cxMy(é) = an/(‘cx X Mv)(g)
=L x Mo )
=V LAM®w
Axu< ot/

\/ intg A(x) A inty u(y)
Axpu< ot/
> ints C(xy)
Na(x)’)(é)

and then £, M, el From the fact that ¢/ is separated and from Lemma 4.6 and Proposition 5.11, we get (H, o)

WV

is a GT»-space. Therefore, these properties, using Lemma 4.3 and Remark 4.2, define 7’ in a unique way as the only
continuous extension of winto H x H. Also, if i’ : H — H is defined by i’(y) = y~! forall y € H, theni’|g = i and
FLi'(Ly) = L'jz - x~ ! for any trace filter £, on H, and i’ is (g, o)-continuous, that is, as in before, i’ is a continuous
extension of i defined in a unique way.

Since 7’ is (6 x @, o)-continuous and i’ is (g, g)-continuous, we have (H, ¢) is an L-topological group in which
(G, 1) is an L-topological subgroup. [J

Proposition 5.13. Under the hypothesis of Proposition 5.12, if the left, the right or the bilateral L-uniform structure
of (H, tyy+) is U U, or U, respectively, then the corresponding L-uniform structures of (G, 1) is (Z/l*l)G, U,
or U*P)g.

Proof. It is a consequence of Lemma 5.4. [J

The following proposition summarizes the results of this paper and give the completion of an L-topological group
as characterized in Proposition 5.12.
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Proposition 5.14. Let (G, 1) be a separated L-topological group,U® its bilateral L-uniform structure,and (H, ¢ = 1))
the L-topological group constructed in Proposition 5.12 with the choice V = V°. Then (H, ¢) is a completion of (G, T).

Proof. If I/ = U®, then Proposition 5.12 can be applied and ¢ is admissible since both of /! and " are admissible.
Also, V is a complete separated L-uniform structure such that ¢ = 1y, G is g-dense in H and (V)¢ = U®. On the other
hand, by Proposition 5.13, for the bilateral L-uniform structure V° of the L-topological group (H, o) we have ¢ = T(pb)

and (WP)g = UP. Therefore, the bilateral L-uniform structure V° of (H, o) is complete and (H, ) is a completion of
(G,7). O
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